Diaconis and Isaacs have defined the supercharacter theories of a finite group to be certain approximations to the ordinary character theory of the group. We make explicit the connection between supercharacter theories and Schur rings, and we provide supercharacter theory constructions which correspond to Schur ring constructions of Leung and Man and of Tamaschke.
Introduction
Supercharacter theories of a finite group were defined by Diaconis and Isaacs [5] as approximations to the group's ordinary character theory. In a supercharacter theory certain (generally reducible) characters take the place of irreducible characters, and the role of conjugacy classes is played by certain unions of conjugacy classes. For the group U n (F q ) of upper triangular matrices over the field of size q with all diagonal entries one [1, 2, 3, 18] , and more generally for groups of the form 1 + n where n is a nilpotent associative F q -algebra [5] , a particularly nice supercharacter theory exists which is simple enough to be computed explicitly, yet still rich enough to handle some problems that traditionally required knowing the full character theory [4] . More recent interest has turned to the relationship of these supercharacters with the Hopf algebra of symmetric functions of noncommuting variables [16] .
As it turns out, there is a strong connection between the supercharacter theories defined in [5] and the Schur rings of a finite group. In fact, several of the initial theorems in [5] appeared in a different form in the work of Tamaschke on Schur rings [15] . Related work is also being done by Humphries and Johnson [6] , who ask (in the language of [5] ) which groups have a character table that is identical with a supercharacter tables of some abelian group. In this paper we formalize the connection between supercharacter theories and Schur rings and give constructions of supercharacter theories corresponding to the Schur ring wedge product of Leung and Man [8] and the tensor product of Tamaschke [15] .
The set K = { K : K ∈ K} is a linear basis of A,
2. {1} ∈ K, and 3. {g −1 : g ∈ K} ∈ K for all K ∈ K.
In this case we say the partition K is a Schur partition and call its parts the basic sets of A. We will usually write A = S K .
Note that the partition K is completely determined by the ring A. S-rings were originally used by Schur and Wielandt in the study of permutation groups [14, pp. 403-412 ], but recently they have found applications in algebraic combinatorics, especially in the study of circulant graphs. A good survey of recent developments in S-rings can be found in [12] .
We next establish the correspondence between supercharacter theories and certain S-rings, making use of the following lemma. Recall that every character χ ∈ Irr(G) has a corresponding central idempotent e χ = 1 |G| χ(1) g∈G χ(g) g. For a subset X ⊆ Irr(G), let f X = ψ∈X e ψ .
Lemma 2.3 Let G be a group and let A be a subalgebra of Z(C[G]).
Then there exists a unique partition X of Irr(G) such that {f X : X ∈ X } is a basis for A.
Proof. Recall that the set {e χ : χ ∈ Irr(G)} is a basis for Z(C [G] ). Thus Z(C [G] ) is isomorphic to a direct sum of copies of C, so it contains no nilpotent elements, and neither does its subalgebra A; hence the Jacobson radical J(A) = 0. Then by Wedderburn's theorem A is a direct sum of full matrix rings; but since A is commutative, those are rings of 1 × 1 matrices, so A too is a direct sum of copies of C. Hence A is the linear span of some idempotents f 1 , . . . , f r whose sum is 1 and whose pairwise products are 0. But every idempotent in Z(C [G] ) is a sum of some distinct e χ , and because r i=1 f i = 1 = χ∈Irr(G) e χ but the product f i f j = 0 for i = j, every e χ must appear in exactly one f i . Thus there exists a partition X of Irr(G) such that {f X : X ∈ X } = {f 1 , . . . , f r }, and this is the desired basis for A.
To show uniqueness, suppose Y is also a partition of Irr(G) such that
Let χ ∈ Irr(G), and let Y 0 ∈ Y and X 0 ∈ X be the parts containing χ. Then because f Y0 ∈ A = span {f X : X ∈ X }, the set Y 0 must be a union of parts of X ; in particular X 0 ⊆ Y 0 . But by symmetry Y 0 ⊆ X 0 , so Y 0 = X 0 . Since the parts of Y and X containing χ are identical for all χ ∈ Irr(G), it follows that Y = X .
Proposition 2.4 Let G be a finite group. Then there is a bijection supercharacter theories
Proof. Let (X , K) ∈ Sup(G), and let A be the subspace spanned by { K : K ∈ K}. By [5, Theorem 2.2(b)], we know A is a subalgebra of Z(C[G]). Now the set {1} is one of the superclasses, and the map g → g −1 permutes the superclasses by [5, Theorem 2.2(f)]; thus A is an S-ring.
As the partition K can be recovered from A = span C { K : K ∈ K} as the set {K ⊆ G : K ∈ A but L ∈ A for all L K}, the map (X , K) → span C { K : K ∈ K} is injective. It thus remains to show that every S-ring contained in Z(C[G]) corresponds to a supercharacter theory.
Let A be an S-ring contained in Z(C[G]). Then by Lemma 2.3, there exists a partition X of Irr(G) such that {f X : X ∈ X } is a basis for A, where f X = χ∈X e χ . Now let K be the partition of G into the basic sets of A; we shall show that (X , K) ∈ Sup(G). Since {f X : X ∈ X } and { K : K ∈ K} are both bases of A, we have that |X | = dim A = |K|, and it only remains to show that σ X is constant on K for all X ∈ X and all K ∈ K.
But because e χ = 1 |G| g∈G σ {χ} (g) g, by the linearity of the σ operator we have
Then because f X ∈ A, the function g → 1 |G| σ X (g) is constant on all K ∈ K, so σ X must be constant on all K ∈ K as well. Therefore (X , K) is a supercharacter theory of G.
So the supercharacter theory (X , K) corresponds to the S-ring S K . It is worth noting that our proof of surjectivity did not make use of condition (3) from the definition of S-rings; hence any subring A of Z(C[G]) satisfying conditions (a) and (b) of Definition 2.2 corresponds to a supercharacter theory, and it follows that A is in fact an S-ring. Note that requiring an S-ring to lie in the center of the group algebra is the same as requiring all its basic sets to be unions of conjugacy classes. For this reason, often supercharacter constructions often require normality where the corresponding S-ring constructions do not. We may also note that the supercharacter theories of an abelian group are in one-to-one correspondence with its S-rings.
Lattice theory
It is known that the S-rings of a group G form a lattice with respect to inclusion [12, Section 2] . The set of supercharacter theories of a group also form a lattice in the following natural way. Recall that the set Part(S) of all partitions of a set S forms a lattice, in which K ≤ L iff every part of K is a subset of some part of L. We could therefore make Sup(G) into a poset by defining that (
The purpose of this section is to show that these two definitions are equivalent; along the way we will explicitly find the lattice-theoretic join of two supercharacter theories.
For each partition X of Irr(G), let A X = span{f X : X ∈ X }. 
Proof. Lemma 2.3 shows that the map X → A X is invertible. Now suppose X ≤ Y and let Y be a part of Y. Then Y is the union of some parts of X , so f Y is the sum of the corresponding idempotents f X . Then f Y ∈ A X ; hence
is an idempotent in A X , so it is a sum of some of the spanning idempotents {f X : X ∈ X } of A X . It follows that Y must be a union of parts of X . Thus the map X → A X is an order-reversing bijection, as desired.
Then because X ∨ Y is the least upper bound for X and Y in Part(Irr(G)), the subalgebra A X ∨Y must be the largest subalgebra contained in both A X and
Let K, L ∈ Part(S) for some set S. Note that if f is a function whose domain is S that is constant on each part of K and constant on each part of L, then f must be constant on each part of the partition K ∨ L.
Proof. Since each part M ∈ K ∨ L is a union of some parts of K, the sum M lies in span{ K : K ∈ K}. Likewise M ∈ span{ L : L ∈ L}, so the left side of (1) is contained in the right hand side.
On the other hand, each element d on the right side of (1) may be written
Recall that each element g ∈ G occurs in exactly one K and in exactly one L, and that G is a basis for C [G] . Now the function mapping g to the coefficient of g in d is constant on each K ∈ K, and also constant on each L ∈ L. Hence it is constant on each member of K ∨ L and so d lies in the span of { M : M ∈ K ∨ L}.
These two lemmas allow us to define a lattice-theoretic join operation on supercharacter theories of a group G:
To show that the functions {σ Z : Z ∈ Z} are constant on the sets M ∈ M, let Z ∈ Z, let M ∈ M, and let g, h ∈ M . Now Z = X∈I X for some subset I ⊆ X , so σ Z = X∈I σ X must be constant on each K ∈ K because (X , K) is a supercharacter theory. On the other hand, by symmetry σ Z is also constant on each L ∈ L. So it follows that σ Z is constant on each M ∈ M. It only remains to show that |Z| = |M|.
Recall that {f X : X ∈ X } and { K : K ∈ K} are two different bases for the same algebra S K , and likewise {f Y : Y ∈ Y} and { L : L ∈ L} are bases for S L . Hence
But since both {f Z : Z ∈ Z} and { M : M ∈ M} are linearly independent sets over C, both |Z| and |M| must equal the dimension of the algebra in question, so |Z| = |M| as desired. We conclude that (X ∨ Y , K ∨ L) is a supercharacter theory of G.
Taking the join of two supercharacter theory thus corresponds to intersecting their S-rings. On the other hand, the partition meets X ∧ Y and K ∧ L in general do not form a supercharacter theory; this corresponds to the fact that the subalgebra generated by two S-rings need not itself be a S-ring.
But because superclasses and supercharacters determine one another, there is only one supercharacter theory with superclasses
We are therefore not breaking symmetry between superclasses and supercharacters when we define a partial ordering of Sup(G) as follows.
Since Sup(G) may be viewed as a subset of the finite lattice Part(K), it is in fact a lattice itself. Whereas computing C ∨ D in this lattice can be done by taking partition joins, in general C ∧ D is not readily computable. Note that the set of S-rings of G lying in Z(C[G]), which is a sublattice of the lattice of S-rings, is isomorphic to the dual of the supercharacter theory lattice Sup(G).
* -products
If N is a normal subgroup of G, then some supercharacter theories of N can be combined with supercharacter theories of G/N to form supercharacter theories of the full group G. We can thus construct supercharacter theories of large groups by combining those of smaller groups. This is the most important special case of a more general construction which will be treated in Section 7.
Let a group G act on another group H; then as discussed in [5] , there exists a supercharacter theory m G (H) = (X , K) ∈ Sup(H) such that X is the partition of Irr(H) into G-orbits and K is the finest partition of H into unions of conjugacy classes such that each part is G-invariant. Then for another supercharacter theory (Y, L) ∈ Sup(H), every part L ∈ L is G-invariant if and only if K ≤ L, which is true if and only if X ≤ Y (by Corollary 3.4), which is true if and only if every part Y ∈ Y is G-invariant. We may thus unambiguously speak of the G-invariant supercharacter theories of H, denoted Sup G (H), of which m G (H) is the minimal one.
We would like to define a product * :
Let us first consider the superclasses: K is a G-invariant partition of N and L a G-invariant partition of G/N , one part of which is the coset N as a singleton. Thus L induces a partition L of G, one part of which will be the set N , which we can then replace with the partition K of N . To express this formally, for each subset
Then for K ∈ Part(N ) and L ∈ Part(G/N ), we have a partition
For the supercharacters, if N is a normal subgroup of G and
is a union of G-orbits, then define the subset Z G of Irr(G) to be ψ∈Z Irr(G|ψ). Extend this notation to a set Z of such subsets of Irr(N ) by letting
Since X is a partition of Irr(N ) into unions of G-orbits, it follows from Clifford theory that X G is a partition of Irr(G). Since {1 N } ∈ X , one part of X G is {1 N } G = {χ ∈ Irr(G) : N ⊆ ker χ}, which we identify with Irr(G/N ) in the usual way. Thus we can replace that part of X G with the partition
incorporating information from both X and Y. We shall show that the partitions of (2) and (3) do form a supercharacter theory of G, by way of a brief lemma demonstrating the suitability of the notation "X G ."
Lemma 4.1 Let N ⊳ G and let X ⊆ Irr(N ) be a union of G-orbits. Then
Proof. It suffices to prove the statement when X is a single G-orbit. Let Z be the partition of Irr(N ) into its G-orbits, so that Z G is a partition of Irr(G). Then the regular character ρ N = Z∈Z σ Z and so
Now the characters (σ Z ) G have no irreducible constituents in common with one another, so (σ X ) G = σ Y where Y is the set of irreducible constituents of (σ X )
is a supercharacter theory of G.
One possibility is that Z lies in Y. In this case, because Z ⊆ Irr(G/N ), the character σ Z has N in its kernel, so it is certainly constant on every part K ∈ K. Moreover, because (Y, L) is a supercharacter theory of G/N , we know that σ Z (viewed as a character of G/N ) is constant on each superclass L ∈ L; viewed as a character of G, it is therefore constant on each L ∈ L. So σ Z is constant on each set M ∈ M in the case that Z ∈ Y.
The other possibility is that Z = X G for some part X ∈ X . Now because (X , K) is G-invariant, we know that X is a union of G-orbits of Irr(N ), so we can calculate by Lemma 4.1 that
Thus σ Z is constant on M for every Z ∈ Z and every M ∈ M, so we conclude that (Z, M) is a supercharacter theory of G.
We call the supercharacter theory of G constructed in the preceding theorem the * -product of (X , K) and (Y, L) and write it (X , K) * (Y, L).
Superinduction
Before proceeding further, we need an analogue to induction for supercharacters. Let H be a subgroup of G. If C ∈ Sup(G), it may be that H has some supercharacter theory naturally related to C. For example, Diaconis and Isaacs used two-sided orbits to define a standard supercharacter theory for algebra groups. Thus the same construction yields supercharacter theories both for an algebra group G = 1 + n and for an algebra subgroup H = 1 + m, where m ⊆ n. For a supercharacter ϕ of H, however, there is no guarantee that the induced character ϕ G will be a superclass function of G. This is remedied in [5] by the invention of a "superinduction" for algebra groups, which was further studied in [11] . We here generalize superinduction to arbitrary supercharacter theories. 
where [x] denotes the superclass containing x and ϕ 0 (y) equals ϕ(y) if y ∈ H, but equals zero otherwise.
Thus ϕ (G) (x) is the average value of ϕ on the superclass containing x, multiplied by |G : H|. It is clear that ϕ (G) is therefore a superclass function, although it need not be a character. Note that Definition 5.1 agrees both with ordinary induction, if the superclasses are simply the conjugacy classes, and with the definition of [5] , if we are working with the standard supercharacter theory of algebra groups. We will need the analogues for superinduction of two elementary results about ordinary induction.
Lemma 5.2 (Frobenius Reciprocity) Let H be a subgroup of a group G, and fix a supercharacter theory of G. Let ϕ be a class function of H and θ a superclass function of
Proof. Let K be the set of superclasses of G. We calculate that
In general ϕ (G) need not be a character, even if ϕ is a character (see [5] for an example). If we start with a character χ of G, however, then for each
is a nonnegative integer; thus (χ N ) (G) is indeed a character. Just as normal subgroups are those subgroups which are unions of conjugacy classes, so those subgroups which are unions of superclasses play an analogous role for superinduction. Let C = (X , K) ∈ Sup(G), which corresponds to the Schur ring S K . Suppose N is a subgroup of G that is a union of superclasses; then we say N is C-normal . Such an N has also been called an S K -subgroup [12, 8] or a supernormal subgroup [10] .
Lemma 5.3 Let G be a group and C ∈ Sup(G). Let N ≤ G be C-normal, and let ϕ : N → C be a function constant on those superclasses that lie in N . Then
Proof. Let n ∈ N . Then since N is C-normal, ϕ 0 (y) = ϕ(n) for all y in the superclass of n. Thus
We pause to note that C-normality can also be described in terms of characters. Let N ⊳ G and consider the supercharacter theory M(N ) * M(G/N ), where M(H) denotes the maximal supercharacter theory of a group H. There are three superclasses, namely {1}, N − {1}, and G − N ; the corresponding partition of 
Restricting theories
As noted in [12, Section 3.2], Schur rings of an S K -subgroup N and the quotient group G/N can be defined using the partitions K N = {K ∈ K : K ⊆ N } and K/N = {KN/N : K ∈ K}; this latter is guaranteed to be a partition of G/N by the following: Lemma 6.1 ([7] , Lemma 1.2(ii)) Let S K be an S-ring over G with Schur partition K, and let N be a normal
We shall see that the corresponding supercharacter theories exhibit a nice symmetry between superclasses and supercharacters, but first we need to develop a little notation.
If Z ⊆ Irr(G), let f (Z) denote the set of all irreducible constituents of (σ Z ) N . Note that if Z is a union of sets of the form Irr(G|ψ) for various ψ ∈ Irr(N ), then (f (Z)) G = Z.
Lemma 6.2 Let G be a group, let C = (X , K) ∈ Sup(G), and let N be a C-
is a superclass function of G, and hence a linear combination of supercharacters. Since the supercharacters have disjoint supports, it follows that every irreducible constituent of σ Y is also an irreducible constituent of ((σ X ) N ) (G) . Now let α ∈ f (Y ). Then there exists some β ∈ Irr(G|α) that is an irreducible constituent of σ Y , so β is also an irreducible constituent of ((σ X ) N ) (G) . But then by Clifford theory, α must be a constituent of
(by Lemma 5.3). Thus α must be an irreducible constituent of (σ X ) N and so α ∈ f (X). Hence f (Y ) ⊆ f (X); but by symmetry f (X) ⊆ f (Y ) as well, completing the proof.
Because every irreducible character of N lies in some f (X), it follows that {f (X) : X ∈ X } is a partition of Irr(N ). We are now ready to define the restrictions of C to normal subgroups and quotients. Definition 6.3 Let G be a group, let C = (X , K) ∈ Sup(G), and let N be a C-normal subgroup of G. Defining f as above, let
To prove that these ordered pairs are in fact supercharacter theories, we shall adjust C to a different theory slightly above it in the lattice Sup(G). Let m(G/N ) denote the minimal supercharacter theory in the lattice Sup(G/N ), namely the ordinary character theory of G/N , and let mm N (G) denote the supercharacter theory m G (N ) * m(G/N ) ∈ Sup(G). Then the superclasses of mm N (G) are those conjugacy classes of G which lie in N , together with the nontrivial conjugacy classes of G/N pulled back to G. In the corresponding partition of Irr(G), the characters in Irr(G/N ) are in singleton parts, while every part outside Irr(G/N ) is of the form Irr(G|ψ) for some ψ ∈ Irr(N ).
In the proof of the following proposition, let us say "X is constant on K" to mean that for each X ∈ X , the character σ X is constant on every part K ∈ K. Proposition 6.4 Let N be a subgroup of a group G, let C ∈ Sup(G), and suppose N is C-normal. Then C N is a G-invariant supercharacter theory of N and C G/N is a supercharacter theory of G/N . Moreover,
Proof. Let B = C ∨ mm N (G) and consider B N and B G/N . Note that replacing C with B artificially fuses together the superclasses outside N in such a way that they become unions of N -cosets. However, since KN/N and LN/N are either disjoint or equal for superclasses K of C by Lemma 6.1, it follows that the set {M N/N : M ∈ M} is the same whether we take M to be the superclasses of C or of B.
Replacing C with B similarly coarsens the partition of characters until every part outside Irr(G/N ) is a union of sets of the form Irr(G|ψ). But since f (X) and f (Y ) are either disjoint or equal by Lemma 6.2, we obtain the same partition {f (Z) : Z ∈ Z} of Irr(N ) whether we take the partition Z of Irr(G) from C or from B.
Replacing C with B does not change the superclasses which lie within N , however, nor that portion of the partition of Irr(G) which lies within Irr(G/N ). Consequently N is B-normal and B N = C N and B G/N = C G/N . Write B = (Z, M), and let
Note that since each part of M outside N is a union of N -cosets, we have |M| = |K| + |L| − 1; likewise since each member of Z outside Irr(G/N ) is a union of sets of the form Irr(G|ψ), we have |Z| = |X | + |Y| − 1.
Let us now verify that the sets X , K, Y, and L are partitions of the appropriate sets. Since N is B-normal, it follows that K = {M ∈ M : M ⊆ N } is a partition of N . That L is a partition of G/N follows from Lemma 6.1. As for the characters, Y = {Z ∈ Z : Z ⊆ Irr(G/N )} is a partition of Irr(G/N ) because N is B-normal, and we saw above that the set {f (Z) : Z ∈ Z} is a partition of Irr(N ).
To show that B N and B G/N are indeed supercharacter theories, it remains to show that the purported supercharacters are constant on the superclasses, that |X | = |K|, and that |Y| = |L|.
Consider first B N . Let X ∈ X . If X = {1 N }, then σ X = 1 N is trivially constant on all K ∈ K; otherwise, X = f (Z) for some Z ∈ Z with Z ⊆ Irr(G/N ). Since Z is a union of sets of the form Irr(G|ψ), we have Z = X G . Then because
is constant on each K ∈ K, so too is σ X . We conclude that X is constant on K. 
as desired.
Wedge products
In 1996 K.H. Leung and S.H. Man gave a qualitative classification of the Srings of cyclic groups [8] . To do so they defined a "wedge product" of S-rings as follows. 
Let S L be an S-ring over G/N with basic sets L such that M/N is an S Lsubgroup, and suppose both that H ∈ S K and that ρ
Then there exists an S-ring S over G with Schur partition
Leung and Man call this the wedge product of S K and S L and denote it by S K ∧ S L . Note that this product is only defined when H ∈ S K and ρ
Muzychuk and Ponomarenko refer to this as a generalized wreath product [12] .
By Proposition 2.4, there must be a corresponding construction of supercharacter theories, which we now provide. We are considering the situation when N ≤ M are normal subgroups of G, with "overlapping" supercharacter theories C ∈ Sup(M ) and D ∈ Sup(G/N ), as in the following diagram:
Our construction will be a generalization of the * -product above, in which case N and M were equal. In order for C and D to combine to form a supercharacter theory for G, they must satisfy certain conditions. We will of course want N to be C-normal and M/N to be D-normal, but we will also want the "overlap" of the two theories on M/N to be the same; more explicitly, we will require
Then there exists a unique supercharacter theory E ∈ Sup(G) such that E M = C and E G/N = D and every superclass outside M is a union of N -cosets.
To this set add all the superclasses of C; since these partition M , the resulting set Then to prove that (W, J ) is a supercharacter theory of G, it remains only to show that σ W is constant on J for each W ∈ W and each J ∈ J . Let W ∈ W. It may be that W ∈ Y, so that σ W is a supercharacter of D. In this case, there are two sorts of sets J ∈ J to consider: those that lie in G − M and those within M . First, the supercharacter σ W of D is constant on each superclass L of D lying outside M/N , so σ W (viewed as a character of G) is constant on each preimage L in G − M . Thus σ W is constant on each set J ∈ J that lies in G − M . Next, note that σ W is constant on the nontrivial superclasses of D M/N = C M/N , so σ W is also constant on the superclasses of C. Hence σ W is constant on every set J ∈ J that lies in M . Therefore σ W is constant on every member of J , under the supposition that W ∈ Y.
The other possibility is that W = X G for some part X ∈ X not lying in Irr(M/N ). Since C is G-invariant, the set X must be a union of G-orbits, so
G by Lemma 4.1. Then because M ⊳ G, we know that σ W vanishes outside M , and hence is constant on all parts J ∈ J that lie outside M . On the other hand, each part J ∈ J that lies in M is a superclass of C, and when σ W is restricted to M , the character (
Hence σ W is constant on each part J ∈ J for all parts W ∈ W, and we conclude that (W, J ) is a supercharacter theory of G. Let E = (W, J ); we need to show that E satisfies the conclusions of the theorem. By construction, the superclasses of E that lie in M are the superclasses of C, so C = E M . Likewise the supercharacters of E G/N are those supercharacters of E that have N in their kernels, namely the supercharacters of D; hence D = E G/N . Third, by construction the superclasses of E outside M are preimages of certain superclasses of D, so they are unions of N -cosets.
Finally, to show uniqueness, suppose F ∈ Sup(G) satisfies the conditions that F M = C, that F G/N = D, and that every superclass of F outside M is a union of N -cosets. Then F M = C = E M , so E has the same superclasses within M as does F. Moreover, because the superclasses of F outside of M are unions of N -cosets, the set Therefore F has the same superclasses as E, so F = E as desired.
Because the wedge-product notation "C ∧ D" of Leung and Man might be confusing in the context of our lattice-theoretic ∨ operation, we will denote this product as C △ D. It is easy to recognize and factor such products; the following is a reformulation of [8, Proposition 1.3] in the case of supercharacter theories. 
Direct products
We close by considering a much simpler construction. Tamaschke proved that if S K and S L are Schur rings on M and N , respectively, then there is an S-ring of G = M × N with partition {{(m, n) : m ∈ K, n ∈ L} : K ∈ K, L ∈ L}
[15, Theorem 6.1]. This Schur ring is ring-isomorphic to S K ⊗ S L ; Leung and Man refer to it as the dot product "S M · S N ."
The corresponding supercharacter theory is equally straightforward. Given two supercharacter theories (X , K) ∈ Sup(M ) and (Y, L) ∈ Sup(N ), we shall form a "product" theory (X , K) × (Y, L). As Tamaschke did, let M = {K × L : K ∈ K, L ∈ L} where K × L = {(m, n) : m ∈ K, n ∈ L} ⊆ G.
On the character side, we know that Irr(G) = Irr(M ) × Irr(N ), so let Z = {X ×Y : X ∈ X , Y ∈ Y} where X ×Y = {ϕ×θ : ϕ ∈ X, θ ∈ Y } ⊆ Irr(G).
Proposition 8.1 Using the above notation, (Z, M) ∈ Sup(G).
Proof. Certainly |Z| = |X ||Y| = |K||L| = |M|. So it suffices to show for all sets X ∈ X , Y ∈ Y, K ∈ K, and L ∈ L that the character σ X×Y is constant on the set K × L. For all m ∈ M and n ∈ N , we have Thus σ X×Y is in fact constant on K × L. We conclude that (Z, K) is indeed a supercharacter theory of G.
